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Inviscid Hypersonic Flow around a Semicone Body

Takeyoshi Kimura* and Michihisa Tsutaharat
Kobe University, Nada, Kobe, Japan

The steady hypersonic flow around a sharp-nosed slender semicone body is solved by applying the equivalence
principle, which states that the flow is equivalent to a two-dimensional unsteady flow. It is assumed that the flow
in the shock layer has constant density and homentropy. Two flowfields having different boundary shapes can
be superposed to obtain a flowfield which safisfies the boundary condition vn the body. The shock shape can be
obtained from the mass conservation law equation in which the shock Mach number equals infinity. The result
shows that the shock layer around the body is nearly uniformly thick, but that the shock wave is attached to the
center of the planeside, i.e., the axis of the semicone body. The distribution of pressure on the body surface can
be obtained from Bernoulli’s equation for unsteady flow. It is also considered that the temperature in the shock
layer can be obtained from the energy equation, and that the shock wave, in general, has acceleration in in-

stances of two-dimensional unsteady flows.

Nomenclature
= pressure
= density
=ratio of specific heats
=radius of the semicircular piston
=semiapex angle of the semicone body
=velocity component in r-direction of the shock wave
= freestream velocity
= expansion speed of the semicircular piston
= pressure coefficient
. =velocity potential
=stream function
=complex potential
=complex plane
= strength of source and sink
= fluid velocity
=component of fluid velocity in r-direction
=component of fluid velocity in 6-direction
=nondimensional radius
=time
=radius
=area
=velocity vector of the shock wave
=temperature
=internal energy per unit mass
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Subscripts

® = freestream
s =behind the shock wave
r =on the semicircular piston or on the semicone body

I. Introduction

ANY studies on axisymmetric flows around sharp-

nosed, slender bodies have been carried out. For the
cone, especially, the exact equation and its numerical solution
and many other approximate solutions have been obtained.
However, there have not been many studies on asymmetric
flows. Only flows near axisymmetry, for example, flows
around a cone at a small angle of attack' or a half-cone body
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with a delta wing on it,? have been obtained analytically by
perturbation theory. No investigations for complete asym-
metric flows such as the flow around a semicone body have
been reported.

In this paper a steady hypersonic flow around a semicone
body, whose axis coincides with the direction of the
freestream, is studied analytically by using the equivalence
principle.® This principle, which converts steady hypersonic
flows around slender bodies into corresponding two-
dimensional unsteady flows, has been widely used. The
corresponding two-dimensional flow is obtained by taking the
time axis in the direction of the freestream. The flow around
the semicone body is considered as a conical flow in which all
the flow parameters are constant along rays from the vertex.
Therefore, when it is changed into a two-dimensional un-
steady flow, the flow conditions at any two times are similar.
Consequently the whole flowfield around the semicone body
can be obtained by determining the flow at a certain time
driven by an expanding semicircular piston. In this analysis
we assume that the fluid is a perfect gas which has neither
viscosity nor heat conductivity and that the density and en-
tropy are constant in the shock layer.

II. Analysis

The steady hypersonic flow around a sharp-nosed, slender
semicone body is analyzed by changing it into a two-
dimensional unsteady flow around a semicircular piston with
the equivalence principle. The terms ‘‘semicone body’’ and
““semicircular piston’’ refer to the three-dimensional steady
flow and the two-dimensional unsteady flow, respectively.

Since the two-dimensional flow around the semicircular
piston is symmetric with respect to the axis OX, we can
examine the boundary shape as shown in Fig. 1. It is most
convenient to use the polar coordinates (r,6) in analyzing the
flow. Point A is the origin, and A" and C’ are at infinity. The
arc BC increases its radius at a constant speed u,,. The radius
at any moment is #,7. In this problem the fluid has constant
density, and the flow is homentropic—that is irrotational’
therefore, the equation which express the flowfield in the
shock layer is Laplace’s equation.

A. Velocity Field

The flowfield in the shock layer must satisfy the boundary
conditions both on the piston and behind the shock wave.
First, a flowfield which satisfies the boundary condition on
the piston and is at rest at infinity shall be considered. Here,
the existence of the shock wave near the piston is previously
assumed. This flow can be uniquely determined. From this
flowfield, the shock shape, which satisfies the boundary con-

dition behind the shock wave, can be obtained. For changing
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Fig. 1 Boundary shape and coordinate system.
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Fig.2 (-plane a) flow due to a source, and b) flow due to a sink.

the flowfield into the three-dimensional steady hypersonic
flow around the semicone body, the condition that the
semiapex angle of the body is small must be satisfied.

The boundary conditions which must be satisfied by the
previous flowfield are

on BC a¢/dn=u, (1a)
on AB, AA’ and CC’ d¢/on=0 (1b)
at infinity dp/an=0 (19
and point A must be a stagnation point (1d)

where ¢ is the velocity potential and d/dn is a normal
derivative. The problem is reduced to solving Laplace’s
equation having similar boundary conditions, however, in
two-dimensional problems there are some cases in which the
solutions can be obtained without solving the equation. In this
case, the solution can be obtained as follows.

Consider two flows on the complex plane {, as shown in
Fig. 2 a) and b). The flow in a) has a source strength of 2U at
the origin. The flow in b) has a sink strength of —U at the
origin A, and the same boundary shape as in Fig. 1, where X,
X’ are at infinity. By superposing b) and a) and fixing A to O,
C’ to X, and A’ to X', the flowfield which satisfies the boun-
dary conditions in Egs. (1) can be obtained. If W, and W,
are the complex potentials in a) and b), respectively, the
required complex potential Wis

W=W,+W, @)

W, can be obtained by transforming the flowfield in the {-
plane in Fig. 2, b) to one due to a sink in the upper plane of
the complex plane.* From the assumption that the piston ex-
pands at a constant speed u,,, the strength of the source U is
Vaut. Consequently, W becomes

W="vault{2 10g§——log[ —_2—;_@—@ ] } 3

where
_[ 1+if/a ]1/3 [ I—ifla »
1 1-it/a I1+it/a

where the first term on the right-hand side is W and the second
termis W,.
Here, the nondimensional radius r* can be introduced:

r*=rla “)
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where r is distance from the origin and a is the radius of the
piston. With this variable r* the velocity potential and the
stream function are expressed as

¢="Vault {2logr+2loga

[{(F-2) (F+1) +G?)? +9G? %
(F+1)2+G? } ®)

—log

3G
(F=-2)(F+1)+G?

y=vsulr {20— (tan~! )} ®

where

F=(R?+ (I/R?)) cos 2a, G=(R?—(I/R?)) sin 2«

14+r*?2—=2r*sin g (s
I1+r*242r* sin 6

2r* cos 8
I—r*

o=V tan~’

The velocity componentsv in the r- and 6-directions are

u, 1
= 2— —_—
v, Py { (R+ R ) cosx } ’ (7a)
T P SN :
vy= o (R % ) sina (7b)

Because v, and v, are expressed only in terms of constants
and the nondimensional variable r* and 0, the velocities are
always the same at two corresponding points. Although ¢ in-
creases in proportion to £, the shapes of the streamlines are
always similar. This fact has already been stated in the
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Fig. 4 Control surface.
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equation of velocities. However, ¢ includes a function of
time, (log @), which cannot be made nondimensional.

The streamlines at a certain moment are shown in Fig. 3.
Since the flow is unsteady; the streamlines, which are en-
velope curves of the velocity vectors do not coincide with the
paths of the fluid particles.

B. Determination of the Shock Shape

In the limiting hypersonic process, the pressure p, and
sound velocity a,, of the freestream become zero, and the
shock Mach number becomes infinity. In this case, the density
ratio across the shock wave is®

s/ P =(y+1)/(y—1) 8)

where v is the ratio of the specific heats and is 1.4 for air.
To obtain an equation for the shock shape, apply the mass
conservation law on the control surface shown in Fig. 4:

i} ¥—
2 o+ 1-
Py (05S) »

J .
+1 ]psql'rSA6
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=psuprpA0+pSS vedr
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re+ (8r,/060) A avs
—Ps S (vg+

Ab)dr )
p

where S is the area of the control surface. The first term on
the left-hand side is the rate of increase of mass on the control
surface; the second term is the imaginary rate of increase of
mass by the movement of the shock wave. The first term on
the right-hand side is the mass per unit time swept by the
moving piston with the velocity u,, which is due to W,: the
second and third terms are the mass transfer onto the control
surface by the component of flow velocity in the direction of
6, which are due to W,.

For simplicity, consider the case where ¢#=1. Since the
distance of the shock wave from the origin r, is equal to the
shock velocity component in the r-direction g, and 8/0¢) p,S)
=0, if terms higher than second order in A are neglected and
the formula is changed a little, it becomes the ordinary dif-
ferential equation
Vg drs + 11___ 7_] rg_vrsrs'—_o (10)

do y+1

where the velocity components v,; and v, just behind the
shock wave have already been obtained in Eq. (7). Although
the body shape affects these components, it does not appear
explicitly in this equation, which can, therefore, be used for
the shock shape around any body. The assumption that the
flowfield has constant density and entropy is essential to the
equation. The integration of Eq. (10) involves a constant. The
shock wave is considered to intersect the axis of symmetry OX
at a right angle at the point #=0. Since v, =0 at this point,
the continuity equation can be considered in the radial direc-
tion only ‘

y—1
[1— 'Y+1 ]rszvrs (11)

Let us integrate Eq. (10) by making Eq. (11) the initial value
of the integration. The shape of the shock wave for y=1.4 is
shown in Fig. 5, where r, is 1.081126 x r,, at §=0. The shock
wave attaches to the piston at its axis of symmetry because
this is a stagnation point for the circumferential flow, but no
freestream fluid is entrained.

The paths of the fluid particles, illustrated in dimensionless
form, are also shown in Fig. 5. This illustrates the relative
positions of fluid particles between the piston and the shock
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wave, but not the actual particle paths. It is shown that the
fluid particles pass through the shock wave and approach the
body surface gradually.

The streamlines and the particle paths shown in Fig. 3 and
5, respectively, are for a two-dimensional unsteady flow
around a semicircular piston. Changing this flowfield into the
three-dimensional steady flow around the semicone body, the
streamlines, which coincide with the particle paths in this
case, are shown in Fig. 6. These results are obtained by adding
the freestream velocity U, in the direction of the axis of the
semicone body to the velocity vectors of the two-dimensional
flow and integrating, because the velocity component in the
direction of the axis is approximately equal to U, as long as
u,/ Uy is small. Here U, can be taken independently of u,,.
The cross-section AA shows the place where the fluid particles
enter the shock layer. Figure 5 can also be considered as the
projection on a certain cross section of the streamlines around
the semicone body. The points a,b,c,d,e of Figs. 5 and 6
correspond.

C. Pressure Coefficient
Since the flow around the semicircular piston is unsteady,

Bernoulli’s equation for unsteady flow is used to obtain the
pressure distribution. The equation is®
a¢/az’+p/p+ y?=C (12)
Here, from Eq. (5) |
dp/ ot ="Yault(¢* —r*d¢*/dr*+2+2 log a) 13)

where ¢*, a function of the nondimensional variable r* and 6,
is

F-2)(F+1)+G?}2+9G? »
¢ =2log r* ~log |: = ((F+ ])2 + GZ} jl (14)

The constant in Eq. (12) can be obtained from the condition at
the shock wave. In this problem, since it is assumed that the

and particle paths.

Fig. 5 Shock shape ‘
|
{
|
E Particle paths

Shock wave

Fig. 6 Streamlines around a semicone body:—streamline;
----shock wave; —-—A, A is a cross section of Fig. 5.
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Fig.7 Pressure distribution on the surface of a cross section.

flow is homentropic in the shock layer, C is constant not only
along the streamline but also everywhere in that layer. C can
be determined from the condition at the point on the axis of
symmetry; i.e., #=0. From the law of conservation of
momentum we obtain

ps:psvrs(rs_vrs) (15)
Therefore, the constant C becomes
C=Yaul (C*+2+2log a) (16)

where C* is expressed as

do* v v 2
C* = d)* e ¢ ] +2 s ’ qd, _ rs
ar* s up, u, u,
Consequently the pressure becomes
dp* 2
p=Yaulp, (C*—o* +r* _6¢* —[ } (17)
r

4

Considering the flow around the semicone body, the pressure
coefficient becomes

RIS
C'”_{ O ][ Uy

*

2{ * * *a
C*—¢* +r Fye

(18)

u,/U,, corresponds to the semiapex angle of the semicone
body. Therefore Eq. (18) can be written as

2

c,= 1*! b a9

* * * a¢*
Oty tan®7 { C*—¢* +r e

v

Up

The distribution of the pressure coefficient on the body sur-
face at a cross section is shown in Fig. 7.

III. Discussion

The discussion here refers to the two-dimensional unsteady
flow around the semicircular piston.

A. Constant Density

Although it is assumed that the density in the shock layer is
constant, near the corner where the coneside and the planeside
meet, the pressure becomes so low that the effect of density
variations should not be overlooked. As the fluid flows from
the coneside onto the planeside, it expands in volume.
However, this assumption not only gives a good ap-
proximation itself on the coneside but also can be used as the
first approximation for higher approximations.

B. Homentropy and Velocity of Shock Wave

The assumption that the entropy is uniform in the shock
layer is not exactly correct because the strength of the shock
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wave around the semicircular piston varies with 6. However,
as shown in Fig. 5, the shock wave on the coneside has an
almost uniform strength and the fluid from it flows isen-
tropically onto the planeside. On the other hand, fluid con-
taining strong vorticity flows near the shock wave from the
vicinity of the shoulder to the planeside. This indicates that
the shock layer can be thought of as being homentropic with
the exception of a thin vortical layer near the shock wave on
the planeside.

In the case of an asymmetric flow, the shock wave generally
has some acceleration. Only when the shock wave expands
strictly in the radial direction is the shock velocity constant,
assuming that the shock wave radius increases in proportion
to time. The shock velocity ¢ is ¢ =K/3F/adr when the shock
shape is expressed as F(r,0), and the center of similarity coin-
cides with the origin, where K is a constant. If it is assumed
that the shock wave expands in the normal direction, the
velocity is expressed as ¢ =K gradF/ IgradF|? and the shock
wave in this case has acceleration.

C. Temperature

From the assumptions that density is constant and that heat
conductivity and radiation can be neglected, the temperature
in the shock layer is also constant. For a perfect gas, the tem-
perature can be obtained from the energy equation as follows.
The energy equation is written as

s é5+ Vap? dS——j 778
ESSP ( v7) SX+Sp(pooeoa)dS+ (20)
It becomes

pscuTsS.s'_ 1/205 g d)(a(ﬁ/an)d? :poochoo (SS+S[7) + W (21)

where S is the area of the shock layer, ¢is the closed curve
which surrounds the area, S, is the area of the piston, ¢,is the
specific heat at constant volume, and W is the work done by
the piston which can be obtained from the pressure
distribution on the piston surface. In the case of limiting
hypersonic flow where T, ~0, T, can be obtained easily.

D. Superposition of Solutions

The method of superposition of solutions which is used in
this paper is not only very effective in solving a two-
dimensional unsteady flow of constant density and homen-
tropy but also the ground work for the higher approximation
of a flow considering density change and viscosity.

1V. Conclusion

By superposition of solutions, the two-dimensional un-
steady flow around a semicircular piston is solved. The shock
shape is obtained from this flowfield when the shock Mach
number is infinity. The shock radius is maximum at § =0 on
the coneside and is attached to the piston at = =.

The streamlines and shock shape of the flow around a
semicone body are shown, which are obtained from the two-
dimensional unsteady flow around a semicircular piston by
using the equivalence principle. The shock angle at §=0,
where it is largest, is a little smaller than that for a circular
cone with the same semiapex angle at zero yaw. When the
semiapex angle is 10° the shock angle of the semicone body is
10.79° in comparison with 11.30° for the circular cone.”

The pressure is obtained from Bernoulli’s equation for un-
steady flow. The pressure coefficient at # =0 on the body sur-
face is also smaller than that for a circular cone.
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